Recent experimental data for the complete wetting behavior of pure 4 He and of 3 He-4 He mixtures exposed to solid substrates show that there is a change of the corresponding film thicknesses L upon approaching thermodynamically the λ-transition and the tricritical end point, respectively, which can be attributed to critical Casimir forces f C . We calculate the scaling functions ϑ of f C within models representing the corresponding universality classes. For the mixtures our analysis provides an understanding of the rich behavior of ϑ deduced from the experimental data and predicts the crossover behavior between the tricritical point and the λ-transition of pure 4 He which are connected by a line of critical points. The formation of a 'soft-mode' phase within the wetting films gives rise to a pronounced maximum of f C below the tricritical point as observed experimentally. Near the tricritical point we find logarithmic corrections ∼ L −3 (ln L) 1/2 for the leading behavior of ϑ dominating the contributions from the background dispersion forces.
I. INTRODUCTION
There is growing experimental evidence for the analogue of the electromagnetic Casimir effect [1] in various critical condensed matter systems [2, 3, 4, 5, 6, 7] . In wetting experiments the confinement of critical fluctuations within an adsorbed liquid film gives rise to an effective Casimir force f C between the substrate-liquid and the liquid-vapor interfaces of the liquid film [8, 9, 10] . Near the critical end point of the liquid the emerging Casimir force adds to the omnipresent dispersion forces and thus leads to a change of the thickness of the complete wetting film. From this response one can infer the Casimir force by subtracting the effect of the background forces which varies smoothly near the critical end point with temperature T c . In accordance with finite-size scaling theory [11] this force f C per unit area and in units of k B T c can be expressed in terms of a universal scaling function ϑ; its shape depends sensitively on the type of boundary conditions (BC) [9] and thus on the surface universality classes the confining surfaces belong to [12] .
Capacitance measurements of the equilibrium thickness of 4 He wetting films near the superfluid temperature T λ of the critical end point of the λ-line [2, 7] quantitatively support the theoretical predictions of f C for the bulk universality class of the XY model with symmetric Dirichlet-Dirichlet BC (O, O) forming the so-called ordinary (O) surface universality class [12] . Such BC correspond to the case that the quantum-mechanical wave function of the superfluid state vanishes at both interfaces, giving rise to an attractive Casimir force (f C < 0) [9, 10] . However, the available theoretical results have a limited range of applicability, i.e., T ≥ T λ and T ≪ T λ . Above and at T λ explicit field-theoretical calculations within the ǫ-expansion scheme are available [13, 14] . For temperatures well below T λ there are calculations which take into account capillary-wavelike surface fluctuations in the asymptotic limit of thick films, predicting a levelling off of the scaling function for large negative scaling variables [15] , i.e., T ≪ T λ , in qualitative agreement with the experimental observations. So far there are no theoretical results available for the critical region below T λ which provide an understanding of the deep minimum of the experimental scaling function (ca. 20 times deeper than its value at T λ ).
3 He- 4 He mixtures near their tricritical end point (see Fig. 12 in Ref. [14] ) are another critical system for which wetting experiments have been performed recently [4, 5] . The tricritical end point with temperature T t is the point in the 3 He- 4 He phase diagram where the line signalling the onset of superfluidity joins the top of the two-phase coexistence region for phase separation into a 4 He-rich superfluid phase and a 3 He-rich normal phase. The mixture belongs to a bulk universality class different from that one of pure 4 He and, because its upper critical spatial dimension d * equals 3, the actual physical system is characterized by rational mean-field critical exponents (up to logarithmic corrections) [16, 17] . The capacitance measurements of the wetting film thickness of the mixture reveal a repulsive
Casimir force f C around the tricritical end point which suggests non-symmetric BC for the superfluid order parameter (OP). The probable physical mechanism behind such a BC is that within 3 He- 4 He wetting films a 4 He-rich layer forms near the substrate-liquid interface, which may become superfluid already above the line of onset of superfluidity in the bulk [18] whereas the lighter 3 He has a preference for the liquid-vapor interface. Thus the two interfaces impose a nontrivial concentration profile which in turn couples to the superfluid OP.
For this system, recently [19] we briefly reported explicit model calculations which demonstrate that the concentration profile indeed induces indirectly non-symmetric BC for the superfluid OP. For symmetry-breaking (+) BC at the substrate-liquid interface and Dirichlet (O) BC at the liquid-vapor interface we calculated the Casimir force and found a semiquantitative agreement with the experimental data given in Ref. [4] . Moreover, we formulated theoretical predictions for the behavior of f C in the crossover regime between the tricritical point and the λ-transition of pure 4 He which are connected by a line of critical points and provided the universal leading behavior of the Casimir force at the tricritical point.
The purpose of the present study is to elucidate the details of the two complementary approaches used in Ref. [19] and to extend them in order to obtain new results both for the tricritical 3 He- 4 He mixture and the critical pure 4 He. The presentation is organized as follows: In Sec. II we discuss the universal properties of the Casimir force. As already mentioned above, for the present tricritical behavior the upper critical dimension d * equals 3 and therefore the thermodynamic functions of three-dimensional systems exhibit powerlaw behaviors with critical exponents taking their classical values. However, logarithmic corrections to the mean-field (MF) behavior are expected under experimental conditions [17] . Using field-theoretical methods and renormalization-group (RG) analyses we obtain the leading asymptotic behavior of the Casimir force at the tricritical point. As a function of the film thickness L it has the form of a power law multiplied by a fractional power of a logarithm and by the universal Casimir amplitude. In addition, we also derive the form of the finite-size scaling for the Casimir force in the vicinity of the tricritical point.
As expected [17] , also the arguments of the associate scaling function acquire logarithmic corrections. These scaling functions are compared with the ones deduced from the experimental data in Ref. [4] . In Sec. III we study within mean-field theory (MFT) films of the lattice vectoralized Blume-Emery-Griffiths (VBEG) model [20] which belongs to the same universality class as the 3 He- 4 He mixture but is simple enough to allow for systematic studies of f C along all thermodynamic paths followed in the wetting experiments of Ref. [4] . This facilitates the exploration of the crossover between the tricritical point T t and the line of critical points and the coexistence region below T t . This enables us to follow the Casimir force upon continuously switching the bulk universality class (from tricritical to critical) by changing the concentration of the 3 He- 4 He mixture. The scaling functions corresponding to thermodynamic paths of constant concentration of the two components of the 3 He-4 He mixtures are calculated and compared with the corresponding experimental data in Ref. [4] .
As a limiting case the VBEG model can describe also a film of pure 4 He which is studied in Sec. IV within MFT. The scaling function of the corresponding Casimir force is obtained in the critical region below T λ and compared with that one extracted from the experimental data in Ref. [2] . We also compare these results with the mean-field predictions which follow from the Landau-Ginzburg theory in the film geometry with suitable BC. In Sec. V we discuss the theoretical results obtained within the VBEG model and assess their relevance for interpreting the experimental data. We conclude with a summary and an outlook in Sec. VI.
II. UNIVERSAL PROPERTIES
For film geometries, in this section we investigate the universal properties of the Casimir force near tricriticality. In general two-component systems are characterized by the ordering density Φ and its conjugate field h, and by a non-ordering density x and its conjugate field ∆. In order to capture universal properties we consider the standard dimensionless O(n)-symmetric Landau-Ginzburg (LG) Hamiltonian for a tricritical system in the film geometry:
where L is the film thickness, Φ is the n-component order parameter OP (n = 2 corresponds to the XY universality class), and z is the coordinate normal to the confining surfaces; r 0 , u 0 , and v 0 are bare coupling constants depending, inter alia, on the temperature T and the non-ordering field ∆. r 0 (u 0 ) = 0 and u 0 > 0 define the critical line, whereas at the tricritical point one has r 0 = u 0 = 0, v 0 > 0. The semi-infinite version of Eq. (1) has been studied in the context of surface critical behavior [21] . In the film geometry the Casimir force per area A of the cross section of the film and in units of k B T t ,
is given by the thermal average of the stress tensor component T zz [9] :
where f is the total free energy of the film per volume V = LA and f b is the bulk free energy density. For large L the excess free energy can be decomposed into surface and finite-size
The stress tensor is given by [9] 
where L is the integrand in Eq. (1) . In what follows we assume Φ = (m(z), 0, . . . , 0), i.e., we neglect helicity. For non-symmetric BC its relevance for the behavior of the Casimir force is not clear because the OP has the additional freedom to rotate across the film by a position dependent angle φ(z); the analyses of the role of helicity is left for future research. Within MFT for the LG Hamiltonian, the determination of the tricritical Casimir force in the film geometry starts from the Euler-Lagrange equation
As discussed in Sec. I, (+, O) boundary conditions, with the substrate at z < 0 and vapor
are supposed to mimic the experimental system of 3 He- 4 He wetting films as studied in
Ref. [4] . According to Eq. (4) the stress tensor component T zz evaluated within MFT and with Φ = (m(z), 0, . . . , 0) for the OP (in the present MF approach we omit the brackets · indicating the thermal average) yields
In deriving this expression we have used the property that T zz = const throughout the film including the surfaces and we have chosen z 0 = L as the point of reference at which T zz is evaluated. Accordingly, the first integral of Eq. (5) is given by
Dimensional analysis yields that, at the upper critical dimension
m(z, L, r 0 , u 0 , v 0 ) can be expressed in terms of a dimensionless scaling function ϕ +,O :
where v 0 is dimensionless. Similarly, within this approach the normalized Casimir force can be expressed in terms of a dimensionless scaling function ϑ +,O :
Equation (8) can be written in terms of these scaling functions ϕ +,O and ϑ +,O :
where x = z/L. In turn, Eq. (11) can be integrated directly yielding the implicit equation
for the scaling function ϑ This RG flow generates logarithmic corrections to scaling due to the singular dependence of the scaled quantities on v (see, e.g., Eqs. (9) and (10)). With the transformation
for the integration variable one can rewrite Eq. (12) in the more convenient but still implicit
where the dimensionless parameters a and b are given by
The numerical evaluation of the scaling function amounts to the following steps: (1) The precise dependence of r 0 and u 0 on the thermodynamic fields T and ∆ is not known.
Therefore it is not obvious how to follow in terms of these variables a specified path in the phase diagram such as the experimental path of fixed 3 He concentration. However, assuming that r 0 and u 0 are analytic functions of T and ∆ in the neighborhood of the phase transition one can use the expansion [17] : In view of comparisons with experimental data, which we shall discuss later, it is useful to mention the relation between the parameters r 0 and u 0 and the experimentally controllable thermodynamic fields T − T t and ∆ − ∆ t where ∆ = ∆ t at the tricritical point and T λ (∆ t ) = T t . These "deviating fields" are not the proper scaling fields and it was shown [22] that a suitable (dimensionless) choice is provided by
where a ′ is the slope of the line tangential to the phase boundary at the tricritical point.
Thus for t → 0 with g = 0 the tricritical point is approached tangentially to the phase boundary. Instead of t one could also use a scaling variable which is orthogonal to the loci g = 0; this would not affect the leading singular behavior for t, g → 0 [17] . Near the tricritical point B(∆), A(∆), and T λ (∆) can be expanded in terms of g and t. Using Eq. (17) one has
Expressing ∆ and T as a function of t and g one finds:
where A 1 > 0, B 1 > 0, A 2 , and B 2 are constants. Due to the analytic structure of Eq. (16) and
B. Logarithmic corrections at T = T t
At the tricritical point a = b = 0 Eq. (14) reduces to
Accordingly, in units of Ak B T t , the MFT result for the tricritical Casimir force f t C in the case of (+, O) BC is (see Eq. (10))
In d = 3 − ǫ the MFT result at tricriticality (Eq. (20)) yields the leading contribution in a perturbation series, i.e.,
where both t zz ≡ 2.75684L 
wherev(ℓ) is the running coupling constant with the initial conditionv R (ℓ = 1) = v R . With the rescaling factor ℓ = l 0 /L, where l 0 is a microscopic length scale of the order of a feẘ A, this yields a logarithmic correction to the power-law dependence on L of the tricritical Casimir force:
Determining the constant c requires to extend the analysis in Ref. [21] which is left for future research. Gaussian fluctuations give contributions of at least O(v 0 ) which are therefore of order L −3 and thus subdominant (see Eq. (23)). We compare Eq. (23) for n = 2 with the data obtained by Garcia and Chan [4] for their experimental value of L ≈ 520Å and for l 0 ≈ 1.3Å, the experimental value of the correlation length amplitude ζ 0 = ζ(t)/|t| −νt with ν t = 1 for concentration fluctuations below T t in the superfluid phase [23] . For these values
Eq. (23) predicts
whereas ϑ exp t = 8.4 ± 1.7. The value of the theoretical function ϑ t at T t , with l 0 between 1 and 2Å, is in reasonable agreement with the measured ϑ exp t . In order to extract the actual value of the universal Casimir amplitude (i.e., the numerical prefactor 0.54 √ 28 = 2.86 in Eq. (23)) the experimental data call for a re-analysis based on the functional form given by Eq. (23), which renders the comparison independent of the choice for l 0 , and requires to take into account the correction terms given in Eq. (23) . We want to emphasize that the tricritical Casimir force offers the opportunity to observe the so far experimentally elusive logarithmic corrections associated with tricritical phenomena. We note, that at tricriticality
dominates over the background dispersion forces. This differs from the case of critical Casimir forces for which both contributions decay with the same power law. It is interesting that the Casimir amplitude for the present (+, O) BC is the same as for (+, +) BC considered in Ref. [24] .
C. Logarithmic corrections to the scaling function
The scaling properties of the Casimir force follow from the renormalized finite-size contribution to the excess free energy (Eq. (3)). For carrying out the renormalization procedure of this quantity two aspects are relevant. First, for the film geometry, the width L of the system is not renormalized [11] . Second, in the renormalized (R) finite-size contribution to the free energy δf (L) (see the text before Eq. (4)) the contributions from the additive counter terms cancel and one has [12, 25] :
where the bare quantities u 0 , r 0 , and v 0 are expressed in terms of renormalized ones r, u, and v; µ is an arbitrary momentum scale. Since we are not considering correlation functions at the surface, all renormalization factors Z are the same as those in the bulk [12, 21] :
where the dimensions of the coupling constant are
Explicit perturbative results for the tricritical bulk renormalization functions Z r , P, Z u , and Z v are known (see, e.g., Refs. [17, 21] ). From Eq. (25) the RG equation can be derived in a standard fashion by exploiting the fact that δf (r 0 , u 0 , v 0 ; L) is independent of µ. Because in Eq. (25) there are no additive renormalization terms it follows that δf R (L) satisfies the following homogeneous RG equation [12] :
where β κ (r, u, v; ǫ) ≡ µ∂ µ | 0 κ and ∂ µ | 0 denotes derivatives with respect to µ at fixed bare interaction constants for κ = r, u, v. The RG equation is solved by using the method of characteristics (see, e.g., Ref. [26] ):
where ℓ is again a dimensionless spatial rescaling factor,κ(ℓ) are the running coupling constants with the initial conditionκ(1) = κ, and due to the form of the renormalization of r 0 (see Eq. (26)) the new variable r ′ is given by [17, 21] 
For an explicit expression of w(v, µ) see Refs. [17, 21] . Equation (28) summarizes the RG transformation and the non-renormalization of L. Using dimensional analysis one obtains
The desired asymptotic scaling behavior of δf R follows by substituting on the rhs of Eq. (30) the appropriate fixed-point values for the running coupling constantsr ′ ,ū, andv.
The infrared stable fixed point lies at v * = (240/(3n + 22))ǫ + O(ǫ 2 ) [21] . Upon approaching the upper critical dimension v * → 0 and for ǫ → 0 the relevant logarithmic corrections to the classical exponents are generated by the flow of the coupling constants under the RG transformation ℓ → 0. In the limit ℓ → 0,v(ℓ) is given by Eq. (22) . The running variables
analysis [17, 21] shows that E r (ℓ; v) → const and
Choosing µ = 1/l 0 , µℓL = ℓ(L/l 0 ) = 1, and omitting the constant factor E r we obtain the following scaling form for δf :
Due to Eq. (2) the scaling form for the Casimir force follows from Eq. (31) as:
The scaling function θ is given in terms of δf
The third term in the latter expression stems from the correction to z 3 (see Eqs. (30) and (22)).
At the upper critical dimension the asymptotic critical behavior obtained from the perturbative RG calculations within the Gaussian approximation is expected to be exact. However, at the lowest order, often referred to as renormalized mean-field theory (RMF) -which yields the free energy correctly with the leading logarithms -one neglects the contributions stemming from the Gaussian fluctuations and replaces the scaling function by its mean-field-like form but with the rescaled arguments.
Applying this reasoning to the free energy we use the mean-field result given by Eqs. (10) and (12) with r 0 replaced in favor of r ′ according to Eq. (29) with w(v(ℓ), µ(ℓ)) → const
to obtain at lowest order:
In the following we want to compare the behavior of the MF and RMF expression for the Casimir force. As we have already stressed before, f C calculated within the MF approach depends on the non-universal and dimensionless parameter v 0 (see Eq. (10) , which multiplies the coupling constant u 0 (see the text after Eq. (12)), is absorbed in the definition of the scaling variable.
In Fig. 1 we have plotted two curves: (12)). Here, the non-universal factor v
is absorbed in the definitions of the scaling function and of the scaling variable. As already
Here, renormalization fixes the amplitude of the Casimir force replacing the non-universal In Fig. 2 we show the corresponding results for u = 0 so that r ′ = r (see Eq. (29)), r ∼ t, and rL 2 ∼ gL 2 . We find that for u = 0 both scaling functions decay much faster to zero than for r = 0.
For r 0 = 0 one has u ∼ t so that, up to the logarithmic corrections, the scaling function 
III. VECTORALIZED BLUME-EMERY-GRIFFITHS MODEL.
Based on the motivation provided in the Introduction, in this section we extend the VBEG model to the film geometry and study 3 He-4 He mixtures.
A. The model
We consider a three-dimensional slab of a simple cubic lattice consisting ofL parallel 
where the first two sums run over nearest-neighbor pairs and the last one is over all lattice sites, except those at the surface. In this lattice gas model of 3 He-4 He binary mixtures the coupling constant K and the field ∆ are related to the effective α He-β He interactions K αβ (see, e.g., Ref. [27] ),
and to the chemical potentials µ 3 and µ 4 of 3 He and 4 He, respectively,
where q is the coordination number of the lattice (q = 2d, where d is the spatial dimension of the system; q = 6 in the present case). In the liquid the effective interactions K αβ are different for different α and β due to the differences in mass and of statistics between 3 He and 4 He atoms.
The properties of the model described by the bulk Hamiltonian H b have been studied within MFT and by Monte Carlo simulations in d = 3 [20] . In contrast to its two-dimensional version, for which there is no true tricritical point for any value of the model parameters, in d = 3 for reasonable values of the interaction parameters the resulting phase diagram resembles that observed experimentally for 3 He-4 He mixtures, for which phase separation occurs as a consequence of the superfluid transition (see Fig. 4 ). Here we choose the following form for H s :
where the first sum runs over the sites of the first layer and the second over those in the L-th layer of the lattice. The differences δ∆ (l) ≡ ∆ (l) − ∆ and δ∆ (r) ≡ ∆ (r) − ∆ are measures of the relative preferences of 4 He atoms for the two surfaces such that δ∆ (l) < 0 corresponds to the preference of 4 He atoms for the solid substrate.
B. Mean-Field Theory
We have studied the above model for the film geometry within mean-field theory. We have employed the variational method based on approximating the total equilibrium density distribution by a product of local site densities ρ i (see, e.g., Ref. [28] ). The corresponding variation theorem for the free energy reads
where F is the exact free energy and F ρ is an approximate free energy associated with the density distribution ρ; β = 1/(k B T ). The minimum of F ρ with respect to ρ subject to the constraint Trρ = 1 is attained for the equilibrium density distribution ρ = e −βH /Tr(e −βH ).
Within mean-field theory the density distribution in the film geometry is approximated by
i.e., the density distribution is constant within each layer parallel to the surfaces but varies from layer to layer. We treat the local layer density ρ i as a variational ansatz, and the best functional form in terms of t i and θ i is obtained by minimizing F ρ 0 /Ā + ηTr(ρ i ) with respect to ρ i and with η as a Lagrange multiplier in order to implement Trρ = 1. This leads to
where h i is the single-layer mean field given by
where
We have introduced the following order parameters:
and
Q i = t i corresponds to the concentration profile of 4 He, X(i) = 1− t i to the concentration profile of 3 He, and M
(1) 
I 0 (z) and I 1 (z) are the modified Bessel functions of the first kind, T is the temperature. We have introduced
, and bL ≡ mL −1 + q || mL, and analogously 
The above equations neglect the helicity, i.e., 0) . In general the helicity might be non-zero because the BC for the superfluid OP are effectively non-symmetric, i.e., M 1 = 0 whereas M L = 0 so that the superfluid OP can in principle rotate across the film. The relevance of the helicity on the Casimir force will be analyzed elsewhere. (12) and (13) in Ref. [20] ). For each temperature along the thermodynamic paths indicated in Fig. 4 we solve Eqs. (44) and (45) with this value ∆(X = X 0 , T ). This renders the profiles Q(l) and m(l) and allows us to calculate the free energy from Eq. (48). When upon lowering the temperature the paths of constant X reach the coexistence line of two-phase coexistence (see Fig. 4 ) we continue our calculations along the coexistence line, infinitesimally on the superfluid branch of bulk coexistence. In Fig. 5 this leads to the full line for T < T t , i.e., y < 0.
Contrary to the LG model, for the present microscopic model it is natural to express the properties of the system as functions of the experimental thermodynamic fields t and (∆ − ∆ t )/(k B T t ) or the scaling fields t and g (see Eq. (17)). Accordingly, we present our results for the Casimir force in terms of the scaling function defined through the relation 6 ) and a proper scaling description has to account for it. However, in order to be able to compare our results with the presentation of the corresponding experimental ones [4] , we follow Ref. [4] where the variation of x has been neglected. As can be inferred from the phase diagram in Fig. 6 , the g-components of the paths X = const in the phase diagram are smaller than the t-components, so that the form of the scaling function for these paths are expected be close to ϑ(x = 0, y). Also experimentally the variation of the scaling variable g along the path of fixed X cannot be determined easily.
Near the tricritical point paths of constant X cross three different phase transition lines:
the surface transition line, the line of bulk critical points, and the line of first-order phase coexistence. As shown in Fig. 5 , close to the surface transition f C is small and this transition does not leave a visible trace in its behavior. f C remains small up to the coexistence line or to the line of bulk critical points for X > X t or X < X t , respectively. There it increases very steeply and for 3 He concentrations X < X t upon crossing the line of bulk critical points there is a break in slope (see the dots in Fig. 5 ) giving rise to the formation of shoulders which are similar to those observed experimentally [4] . When T reaches the temperature of first-order phase separation, f C is given by the curve (full line for y < 0 in Fig. 5 ) common
to all values of X. These curves of constant X meet the full line with different slopes.
The aforementioned common curve exhibits a pronounced maximum below T t at y ≃ −0.74 and gradually decreases to zero for y → −∞. The properties of the Casimir force in this temperature region can be attributed to purely interfacial effects. Indeed, we observe that below T t both the concentration and the superfluid OP profile corresponding to this common curve display an interface-like structure separating two domains of the coexisting bulk phases (see the case t = −0.0633 in Fig. 7 ). This film phase is soft with respect to shifts of the interface position and is similar to the one occurring in Ising-like films with opposite BC [30] for temperatures below the bulk critical temperature but above the wetting temperature of the confining walls, in which case the Casimir force is repulsive with a pronounced maximum occurring below the bulk critical temperature [31] . In general a positive sign of the force can be regarded as a consequence of entropic repulsion [32] .
Typically the maximum of the force occurs at that temperature T at which the interfacial width, which is proportional to the bulk correlation length ξ of the order parameter, becomes comparable with the width L of the film. In the present case both the concentration and the superfluid OP profile contribute to the free energy and hence to the Casimir force. Their interfacial widths are proportional to correlation length ζ associated with concentration fluctuations and to the OP correlation length ξ, respectively. As can be seen from Figs. 7 and 8, within MFT these interfacial widths and therefore ζ and ξ are comparable. Accordingly, by analogy with Ising-like systems [30] we expect that within MFT the maximum of the force occurs when ξ (or, equivalently, ζ ≃ ξ) is of the order of L, which is actually consistent with what is observed in Fig. 5 , where the maximum of the scaling function is located at y ≃ −1. We may expect that also in the actual system the occurrence of the maximum of the Casimir force below the tricritical point can be attributed to such interfacial effects.
However, since the correlation length of the superfluid OP ξ = ∞ in the superfluid phase it
is not yet clear which length scale governs the interfacial width of the superfluid OP profile in the 'soft mode' phase below T t and hence what length scale determines the position of the force maximum.
For X X t − 0.05 we observe a crossover to the critical superfluid behavior of pure 4 He and a gradual formation of a second, less pronounced local maximum located slightly below the line of bulk critical points (y > 0 in Fig. 5 ). This local maximum decreases upon departing from X t and finally f C becomes vanishingly small along paths which cross the line of bulk critical points above the special transition S (see Fig. 4 ). This is expected, because above S there is no longer a superfluid film formation near the solid substrate for 
IV. RESULTS FOR PURE 4 HE A. The limiting case of the VBEG model
In this section we consider the limiting case ∆ → −∞ in which all lattice sites are occupied, i.e., t i → 1. In this case the first term of the bulk Hamiltonian H b in Eq. (34) corresponds to the classical XY model (the planar rotator model) for pure 4 He and therefore, as far as the bulk contribution is concerned, the partition function of the VBEG model reduces to that of the XY model up to a factor e KzN where N is the number of lattice sites.
The corresponding MFT equations for the bulk OP can be inferred from Eqs. (44) and (45) with m i ≡ M yielding
for temperatures below the bulk superfluid transition, which is located at T s (X = 0) = Fig. 4 ).
In the slab geometry we take also the limits ∆ (l) , ∆ (r) → −∞ which, together with the absence of external fields coupling to the superfluid OP, lead to (O, O) BC for the superfluid OP. Thus this limiting case allows us to study the Casimir force for wetting films of pure 4 He near the superfluid transition at T c = T λ . We remark that in the slab geometry the superfluid transition is actually of the Kosterlitz-Thouless type [33] . However, this change of the character of the transition is not captured by MFT. The corresponding set of equations for the superfluid OP in the l-th layer of the slab is:
where b 1 ≡ q || m 1 + m 2 and bL ≡ mL −1 + q || mL. The equilibrium free energy divided by the number A of lattice sites within one layer takes the form The knowledge of the analytic expression for m(z) allows one to compute the stress tensor (Eq. (4)) as a function of the scaling variable y:
where A m = 3π 4 /(2u 0 ) and k = k(y < y m ) is the real solution of the implicit equation
where K(k) is the complete elliptic integral of the first kind, such that k(y = y m ) = 0 and k(y → −∞) = 1. The stress tensor T zz,b in the bulk, related to the bulk free energy density f b (τ ), can be obtained from Eq. (54) in the limit L → ∞ at fixed reduced temperature τ ,
and T zz,b (τ > 0) = 0. Accordingly, the Casimir force f C per unit area of the cross section of the film and in units of k B T λ is given by f C = T zz −T zz,b and its scaling function ϑ
LG 0
can be derived from the expressions for T zz and T zz,b discussed above: [7] .
For a given film thickness L, the position of the minimum of the scaling function cor-
which reflects the onset temperature T c (L) < T c (L = ∞) = T λ for superfluidity in the slab. For τ > τ m the superfluid OP profile vanishes and so does the mean-field free energy of the film. Thus from Eqs. (2) and (3) it follows that for T > T c (L) one has The experimental data for the Casimir force f C exhibit a maximum at tL ≃ −18Å which cannot be related to the condition ξ ∼ ζ ∼ L borne out by the mean-field analysis (Fig. 5) because actually, i.e., beyond MFT, ξ = ∞ in the superfluid phase. Further studies are
needed to determine what length scale governs the interfacial width of the superfluid OP profile in the 'soft mode' phase below T t . This analysis, which is left to future research, has to take into account that the actual width of the interface formed in the film (see, e.g., the case t = −0.0633 in Fig. 7 ), is broadened both by the Goldstone modes in the superfluid phase and by capillary-wave like fluctuation.
Different from the mean-field scaling function ϑ the experimental one does not vanish at low temperatures, which is expected to be due to the aforementioned Goldstone modes of the broken continuous symmetry in the superfluid phase and due to helium-specific [15] surface induced fluctuations which both evade the present mean-field analysis. A similar behavior has been found in wetting experiments for pure 4 He films near the λ-line [2] , in which the film thicknesses above and below the λ transition are not the same, so that the wetting films are thinner in the superfluid phase. For pure 4 He Zandi et al. [15] pointed out that the Goldstone modes indeed lead to thinner superfluid films for T ≪ T c . But this estimate is not applicable for T ≈ T λ and for T ≪ T λ it is too small to account for the experimentally observed magnitude of the thinning. This view of the effect of the Goldstone modes on ϑ is supported by Monte Carlo simulation data for the XY model with periodic BC [37] . The capillary wavelike surface fluctuations, which occur on one of the bounding surface of the superfluid 4 He wetting film, give rise to an additional force (similar in form but larger in magnitude) which may then together explain the experimental observation [15, 38] .
For a mixture, however, it is possible that the apparent thickening of a wetting film as inferred from capacity measurements might be, at least partially, an artifact due to a significant change of the permittivity within the film [39] . Upon inferring the film thickness from the permittivity, in Ref. [4] it was assumed that X f ilm = X t which does not hold at low temperatures at which the 'soft mode' occurs. In order to estimate the error the assumption X f ilm = X t introduces into the determination of the film thickness L we repeat the calculation for determining L by taking into account the interface-like concentration profile below T t (see Fig. 7 ) and by assuming a mean field-like shape:
where X I and X II are the concentrations of the coexisting bulk phases (see the triangle in Fig. 4 ), z 0 = L/2 is the position of the center of the interface, and ζ is the correlation length associated with concentration fluctuations. We note that ζ is finite in the superfluid phase whereas ξ = ∞ for the superfluid OP. The effective permittivity constantǭ f ilm of the film follows from adding in series the capacitance C for each slice of the film and from using
where ǫ(z) is related to the concentration profile via [40] ǫ
From this we have found that neglecting at low temperatures the variation of the concentration across the film introduces an error in the determination of its thickness from capacity measurements (leading indeed to an increased film thickness) which is about 35% of the 40Å difference in thickness reported above and below T t . Specifically, at T = 0. the superfluid OP at the solid substrate is never saturated at its maximum value 1 which corresponds to the BC (+) (see Fig. 8 ). We have checked that in this limiting case with respect to ∆ 1,2 the qualitative behavior of the Casimir force is the same; only the magnitude of f C is slightly bigger (ϑ(0) ≈ 0.5 for the limiting case, whereas ϑ(0) ≈ 0.4 for the case shown in Fig. 5 ). In order to be able to extract universal properties -which requires to reach the fixed-point BC -it would be necessary to introduce a surface field which couples directly to the superfluid OP so that the BC (+) can be realized; but such a surface field has no physical basis. Finally, even at the upper critical dimension d = d * = 3 due to logarithmic corrections our present MFT is not sufficient. However, a naive correction of ϑ obtained within the VBEG model by multiplying it by the logarithmic factor (ln(L/l 0 ))
(see Eq. (33)) derived within the LG model does not capture the proper universal scaling behavior. Instead renormalization group schemes for the VBEG model have to be employed.
Nonetheless, our MFT results for the scaling function ϑ within the VBEG model and for X = X t , if matched with respect to its amplitude with the experimental data at the tricritical point y = 0 and after adjusting the scaling variable y by a factor y th such that the experimental and theoretical positions of the maximum of the scaling function are the same (which is achieved for y th ≈ 0.065), yield an adjusted scaling functionθ(y) which reproduces rather well the experimental data (see Fig. 11 ), especially near the maximum where interfacial effects are expected to be dominant. This observation is consistent with our interpretation that the formation of this maximum is dominated by the occurrence of the 'soft mode' phase which does not depend on the details of the surface fields. We note that according to Fig. 11 the experimental data nominally for X = X t more closely agree with the theoretical ones for X = X t − 0.01. This raises the question as to whether the experimental 3 He concentration in the film is actually shifted relative to the bulk one.
B. Pure 4 He
The theoretical models discussed in the previous sections (VBEG and LG as lattice and [4, 7] whereas theoretically this ratio is ≃ 1 for periodic BC [38] ; it is difficult to expect that this ratio reaches the experimental value 20 corresponding to the
In passing we mention that in Ref. [36] the comparison between Eq. (56) and the experimental data of Refs. [2, 7] is seemingly affected by an inconsistent normalization of the experimental and theoretical scaling functions which are actually plotted as a function of
taken from Ref. [43] ) and τ (L/ξ + 0 ) 1/ν , respectively. This artificially reduces the resulting discrepancy between the experimental and theoretical results in comparison to the one displayed in Fig. 12 .
VI. SUMMARY AND OUTLOOK
Based on mean-field analyses of the vectoralized Blume-Emery-Griffiths model and of the continuum Landau-Ginzburg theory as well as by applying renormalization group analyses we have obtained the following main results:
(1) By using mean-field theory, near the tricritical point (Fig. 4) Landau-Ginzburg theory (see Fig. 9 ). The encouraging comparison of the former with the experimental data is displayed in Fig. 12 .
As an outlook we propose to test experimentally the scaling of the Casimir force for different thicknesses of the wetting films by taking into account logarithmic corrections.
Moreover it appears to be promising to study experimentally in more detail the crossover Three thermodynamic paths of constant concentration are shown: X = X t , X = X t − 0.005 (upper line), and X = X t + 0.005 (lower line). We note that along the paths of constant concentration both scaling variable t and g vary; however, the variation of t is more pronounced so that within a rough approximation g can be considered to be constant along each path. 
